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Abstract. An evaluation of the integrals of the type s,” x//a + b cos x dx is important in prob- 
lems with time-dependent perturbation of barrier transmission. We show that such au evalu- 
ation oan be obtained as a special case of a more general proposition which is shown in this 
paper. 
In a large class of barrier transmission problems the transmission coefficient is a function of 
rC= J $ (V(s) - El 
~1, being the mass of the incident particle, E its energy and V(z) the potential barrier [1,2]. 
Recently, there has been much interest in the question whether time-dependent perturbation 
of the barrier could change the transmission [3-61. Let the Hamiltonian of the system be 
given by 
Hi = He + v (1) 
We now add the time-dependent term EV cos wt to the Hamiltonian 
H = Hi + Evcoswt = Ho + v/(1+ ccoswt) (2) 
In order to state whether the time-dependent perturbation will increase or decrease the tun- 
neling, one can investigate which influence the time-dependent addition has on the trans- 
mission coefficient [5,6]. We are interested in the average over a period, i.e., we ask whether 
is bigger or smaller than 
1’” @& 
Setting 2p/fi2 = 1 and writing V(z) = V ( we are interested in the change with respect to t 
not z), we want to compare: 
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we will show that 
J 
2r 
dxdx 5 
J 
2a J;;dx = 274 (3) 
0 0 
This is just a special case of the following proposition: 
PROPOSITION: Let y = y(x) be an integrable function defined on the interval [o,/3] such 
that s,” y(z) dx = 0. Let A be a constant and f a function on the interval [a, b], where 
a = A +&l Y(X), b = A + s;~~ly(+) 
If f is convex (concave) on [Q, b], then we have the inequality 
J ’ a f(A + y(z)& & (P - a) fcA) 
Moreover, if f is strictly convex (concave) then the above inequalities are strict and we have 
the equality if and only if y = -A almost everywhere (a.e.) (with respect to the Lebesgue 
measure). 
PROOF: Note that f(A) is correctly defined because, by the assumption on y, it must be: 
In the proof we use Jensen’s inequality [7]. 
which is true for any convex (concave) function f, defined on the set of values of an integrable 
function z, and a normalized Bore1 measure ~1 on [cY,~]. Setting 
z(x) = A + y(x) 
dx 
and dp(x) = p-(y 
we have 
J ’ f(A + dx))d x Q 
= (P - MA) (4 
The last statement follows from the well-know fact, that in the case of a strictly convex 
(concave) function f, we have, in Jensen’s inequality, equality if and only if z = 0 p.a.e. [7]. 
REMARK: If z is a continuous function, then the statement that y(z) = -A a.e. in the 
above proposition can be replaced by y(z) = -A for all x E (cr,p). 
COROLLARY. If y is an arbitrary integrable function on the interval [CY, /3] and if f is convex 
(concave) function on the interval [a, b], where a, b as above, then 
J ’ f(A + yW)dx (:, (P - 4 f(A + 4 Q (5) 
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where 
I 
B 
m= * Y(WX 
We will apply this general result to the evaluation of elliptic integrals of the following 
type JOT du + b cosx dx, which has special interest in, for example, problems with barrier 
penetration. 
EXAMPLE: Consider the interval [0, T] and the numbers a, b such that 
a+bcosx 10, 
for each z E [0, T]. 
Let f(x) = 6. Since f is concave on [0, oo), we obtain from the proposition that 
In particular, 
(7) 
for each k 2 1. 
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